TABLE 8.6 Shear, moment, slope, and deflection formulas for semi-infinite beams on elastic foundations
NOTATION: All notation is the same as that for Table 8.5. No length is defined since these beams are assumed to extend from the left end, for which restraints are defined, to a length beyond that portion
affected by the loading. Note that M, and R, are reactions, not applied loads.

The following constants and functions, involving both beam constants and foundation constants, are hereby defined in order to permit condensing the tabulated formulas which follow

k, = foundation modulus (unit stress per unit deflection); b, = beam width; and f = (b,k,/4EI)"*. (Note: See page 131 for a definition of (x — a)".)

F,; = cosh pxcos fx A, =0.5¢7 cos fa B, = 0.5¢ " cos b

F, = cosh fx sin fx + sinh fx cos fx A, = 0.5¢7"(sin pa — cos fa) B, = 0.5¢ " (sin b — cos fib)

Fy = sinh fxsin fx Ay = —0.5e 7 sin fa By = —0.5¢ " sin b

F, = cosh fxsin fx — sinh fix cos fix A, = 0.5¢P(sin fia + cos fa)

B, = 0.5¢ " (sin b + cos fib)
Fy; = (x — b)° cosh fi(x — by cos féx — b)
Fy, = cosh f{x — by sin fi(x — b) + sinh (fx — b) cos f{x — b)
Fy3 = sinh f{x — b) sin f{x — b)
Fy,, = cosh fi{x — b) sin f — by — sinh f{x — b) cos f{x — b)
Fys =(x—b)" —Fy
Fis = 2B(x — b)x — B’ — Fy

F,=(— a)° cosh f(x — ay cos f(x — a)

F 5 = cosh f{x — a) sin f{x — a) + sinh f{x — a) cos f{x — a)
F,3; = sinh fi{x — a) sin f{x — a)

F,, = cosh f{x — a) sin f{x — a) — sinh {x — a) cos f{x — a)
F,

=@ —a)’ — Fy

Fos =2Bx—a)x—a)’ — Fp
Transverse shear = V = Ry I, — y,2EIf>F, — 0,2EIf*Fy — M,pF, + LTy,

[ Y
M, )/ Bending moment = M = M, F, +I;—2Fz — yu2EIf?Fy — 0,EIfF, + LTy,
L(LW?‘/'??%N v M R
T < 7 — Slope = 0 = 0,F, +WIAII 2+ﬁ1‘} —yaBFy + LT,
YA X
R Deﬂection:y:yAF1+0—AFz+ My F3+£.F4+LT‘
A 2p 2EIR* 4EIp® Y

Expressions for Ry, My, 04, and y, are found below for several combinations of loading and left end restraints. The loading terms LTy, LTy, LT,, and LT, are given for each loading condition.
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Left end
restraint
Loading,
reference no. Free Guided Simply supported Fixed Loading terms
1. Concentrated Ry=0 M,=0 Ry=0 0,=0 My;=0 y,=0 0,=0 y,=0 LTy = —WF,,
intermediate load (if —w _w R, — 2WA R — 2WA —w
pa > 3, see case 10) Oy =——54, My =——A4y 4 ! 4 * LTy =—Fae
EIp B w oW 2p
04 =—=A My =—A
w Ya = - A Ya 7Wf 4 * EIf* ’ R LTy = iF(ﬂ
I“— a AT EIPT? 2EIR 2EIf
(if a = 0, see case 8) W

LT, =—"_F
YT aRIpT
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TABLE 8.6 Shear, moment, slope, and deflection formulas for semi-infinite beams on elastic foundations (Continued)

Left end
restraint
Loading,
reference no. Free Guided Simply supported Fixed Loading terms
2. Uniformly distributed Ry=0 My;=0 Ry=0 04=0 My=0 y,=0 04=0  32=0 LTy = ﬁ(Faz Fyy)
load from a to b —w —w w _ow
04 = o Bs — 49 My =" (By = 4y) By=p By —4y) Ba=—pBi=4) LTy = —2(Fyy — Fyy)

(
° - % B,-A w —A 04 = —— (B, — Ay) My =Y®B,-4A ﬂz
7 W T T B a=p G LT, = mﬁe(FM Fy0)
777777%/75

=——(F; - F
y 4EI/;‘4( w5 — Fyz)
3. Uniform increasing Ry=0 My=0 Ry=0 0,=0 My=0 y,=0 04,=0 y,=0 [ Fos —Fys bF
load from a to b B —A B, —A B. B, — A v 2p*\ b-a b2
=g (Tt o) | M= (Bt am) | R= (B o) | ma= (B am)
2EIf'\ b-a 2\ b-a B\ b- p\b-a LT, = —% Fu47Fb472 7,
b M Tap b—a BFys

w (B; —A; —w (By—A w (B —A w (B —A
,»( 2 3—ﬂBz) Ya= r( 2 2—2[331) 04 = ( ; l+ﬂB4) MA:*-}(%+BB4)

G-*, w Ya = — 5 _ 7 — : - _ _
2EI°\ b—a 4EIp b—a 2EIp b—a B a LT, = w4 (M*ﬁFm)
4EIp b-a

LT, = —wr (M_ 2.1ng5)
8EIp® b-a
4. Concentrated Ry=0 My=0 Ry=0 0, = My =0 y4=0 04=0 ya=0 LTy = —M,pF,,
intermediate moment —aM, M, = —2M,A, R, = —2M,fA, Ry =AM, pA, LTy = M,F,,
(if pa > 3, see case 11) 0y = EIp Ay
a —MA 0 —%A M, =2M,A, LT—ﬂF
M0 M, Ya = EIR 3 A= EIp 2 0= 2EIf a2
Ya =73 Ay
EIp M
o
. LT, = 72F a3
(if @ = 0, see case 9) 7 2EIp
5. Externally created Ry =0 My =0 Ry, =0 0,4=0 My=0 Ya=0 0,=0 ya=0 LTy = —ZBOEI/?ZFag
concentrated angular 5 5
04 =—20,A, M, = —20,EIBA = 2A. =— 2A, LTy = —0,EIpF,
displacement A 4 4 BA, Ry =40,EIf"Ay Ry 40,EIB~A, BE 4
a— Ya= =20, Ay ya= O—UAZ 04 = —20,4, M, = —40,EIBA, LT, =0,F,

[ ; .
o LT, = g4 Fen
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TABLE 8.6 Shear, moment, slope, and deflection formulas for semi-infinite beams on elastic foundations (Continued)

6. Externally created Ry=0 M;=0 Ry=0 My=0  y4=0 0a=0  y4=0 LTy = ~2A,EIf°F,
concentrated lateral ’ : :
0, = 4A,PA = 2 A, =— 5 A, = 3 =— 2F .
displacement A oPds My =4A,EIf"Aq n 48,1 Ay Ry =8AEIf°A, LTy 20,EI"F o3
Y4 =2A,A, Y4 =—204, 04 = —2A,BA, M, = —4A,EIf*A, LTy = —A,pFy
a
I‘__ _,1 A, LT, = AFy
7
7. Uniform temperature Ry=0 My = Ry=0 M, = y4=0 04 = ya=0 LTy = -1 JEIpF,
differential from top to T _T T_T R ¢
bott [ — M, Ry ="1""24EIp 4= —
ottom W= 4 4 . Ly =" -
=T Dopy 4
T, y 7T1—T2_1 Y4a=0 OA:TI—TZT A= P o
TIIIITIITI7 7777777 4 DY 2B LTy = ——5 -2 F,
T, b
T, -T.
LT, =--L 2%,
¥ Zt[fz T3

Simple loads on semi-infinite and on infinite beams on elastic foundations

Loading, reference no.

Shear, moment, and deformation equations

Selected maximum values

8. Concentrated end load
on a semi-infinite
beam, left end free

w

s

V = —We " (cos fix — sin fx)

M= —vae’/“‘ sin fix

= W 3 e "*(cos px + sin fx)
2EIf

e P cos fx

T T2EIp

Max 0 = ——
2EIp

Max y = — W3
2EIf

Max V=-Watx=0
Max M = —0.3224°  atx=—-

w

B 4
atx=0
atx=0

9. Concentrated end
moment on a
semi-infinite beam, left
end free

Cmmm

V = —2M, fe " sin px
M = M,e " (cos fix + sin fix)

M, o hx

0:—ﬁ cos fx

o

=— SEIf e P*(sin fx — cos fx)

Max M =M,
M,
Max 0 = “EIf
M: =—"
Y =R

Max V = —0.6448M,f atx =

4p
atx=0
atx=0
atx=0
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TABLE 8.6 Shear, moment, slope, and deflection formulas for semi-infinite beams on elastic foundations (Continued)

Loading, reference no.

Shear, moment, and deformation equations

Selected maximum values

10. Concentrated load on an

V:,Ke’ﬂ"cosﬁx MaxV:—K atx=0
infinite beam 2 2
w
W = %e’ﬁ"(cos Bx — sin fx) Max M = 5 atx=0
5 75 hr g Max 0 = 008062 atx= "
1 . { e P sin fx = 0. HIP =1
w
w . —_ _
= —We’ﬁx(cos/}x+sm/}x) Max y = SEI atx=0
11. Concentrated moment _ 7Moﬁe—/fx(cos fx + sin fix) Max V — 7M0[f atx— 0
on an infinite beam 2 2
KM cos fix MaxM:% atx=0
0
fa {
b 7 M, _ . __ M _
Ki‘—x_’( ﬁe P%(cos px — sin fx) MaXO—fW atx=0
M, n
P e sin px Max y = —0.0806 EIR atx = 5
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