
TABLE 8.6 Shear, moment, slope, and deflection formulas for semi-infinite beams on elastic foundations
NOTATION: All notation is the same as that for Table 8.5. No length is defined since these beams are assumed to extend from the left end, for which restraints are defined, to a length beyond that portion

affected by the loading. Note that MA and RA are reactions, not applied loads.

The following constants and functions, involving both beam constants and foundation constants, are hereby defined in order to permit condensing the tabulated formulas which follow

ko ¼ foundation modulus (unit stress per unit deflection); bo ¼ beam width; and b ¼ ðboko=4EIÞ1=4. (Note: See page 131 for a definition of hx � ain :Þ

F1 ¼ coshbx cos bx

F2 ¼ coshbx sin bx þ sinh bx cosbx

F3 ¼ sinhbx sin bx

F4 ¼ coshbx sin bx � sinh bx cosbx

A1 ¼ 0:5e�ba cos ba

A2 ¼ 0:5e�baðsinba � cosbaÞ

A3 ¼ �0:5e�ba sin ba

A4 ¼ 0:5e�baðsinba þ cosbaÞ

B1 ¼ 0:5e�bb cosbb

B2 ¼ 0:5e�bbðsin bb � cos bbÞ

B3 ¼ �0:5e�bb sinbb

B4 ¼ 0:5e�bbðsin bb þ cos bbÞ

Fa1 ¼hx � aÞ0 cosh bhx � aicosbhx � ai

Fa2 ¼ coshbhx � aisin bhx � aiþ sinh bhx � aicosbhx � ai

Fa3 ¼ sinhbhx � aisin bhx � ai

Fa4 ¼ coshbhx � aisin bhx � ai� sinh bhx � aicosbhx � ai

Fa5 ¼hx � ai0 � Fa1

Fa6 ¼ 2bðx � aÞhx � ai0 � Fa2

Fb1 ¼hx � bi0 coshbhx � bicosbhx � bi

Fb2 ¼ coshbhx � bisin bhx � biþ sinhhbx � bicos bhx � bi

Fb3 ¼ sinhbhx � bisin bhx � bi

Fb4 ¼ coshbhx � bisin b� bi� sinhbhx � bicos bhx � bi

Fb5 ¼hx � bi0 � Fb1

Fb6 ¼ 2bðx � bÞhx � bi0 � Fb2

Transverse shear ¼ V ¼ RAF1 � yA2EIb3F2 � yA2EIb2F3 � MAbF4 þ LTV

Bending moment ¼ M ¼ MAF1 þ
RA

2b
F2 � yA2EIb2F3 � yAEIbF4 þ LTM

Slope ¼ y ¼ yAF1 þ
MA

2EIb
F2 þ

RA

2EIb2
F3 � yAbF4 þ LTy

Deflection ¼ y ¼ yAF1 þ
yA

2b
F2 þ

MA

2EIb2
F3 þ

RA

4EIb3
F4 þ LTy

Expressions for RA, MA, yA, and yA are found below for several combinations of loading and left end restraints. The loading terms LTV , LTM , LTy; and LTy are given for each loading condition.

Left end

restraint

Loading,

reference no. Free Guided Simply supported Fixed Loading terms

1. Concentrated

intermediate load (if

ba > 3, see case 10)

RA ¼ 0 MA ¼ 0

yA ¼
�W

EIb2
A2

yA ¼
�W

EIb3
A1

(if a ¼ 0, see case 8)

RA ¼ 0 yA ¼ 0

MA ¼
�W

b
A2

yA ¼
�W

2EIb3
A4

MA ¼ 0 yA ¼ 0

RA ¼ 2WA1

yA ¼
W

EIb2
A3

yA ¼ 0 yA ¼ 0

RA ¼ 2WA4

MA ¼
2W

b
A3

LTV ¼ �WFa1

LTM ¼
�W

2b
Fa2

LTy ¼
�W

2EIb2
Fa3

LTy ¼
�W

4EIb3
Fa4
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TABLE 8.6 Shear, moment, slope, and deflection formulas for semi-infinite beams on elastic foundations (Continued)

Left end

restraint

Loading,

reference no. Free Guided Simply supported Fixed Loading terms

2. Uniformly distributed

load from a to b

RA ¼ 0 MA ¼ 0

yA ¼
�w

EIb3
ðB3 � A3Þ

yA ¼
�w

2EIb4
ðB2 � A2Þ

RA ¼ 0 yA ¼ 0

MA ¼
�w

b2
ðB3 � A3Þ

yA ¼
w

2EIb4
ðB1 � A1Þ

MA ¼ 0 yA ¼ 0

RA ¼
w

b
ðB2 � A2Þ

yA ¼
w

2EIb3
ðB4 � A4Þ

yA ¼ 0 yA ¼ 0

RA ¼
�2w

b
ðB1 � A1Þ

MA ¼
w

b2
ðB4 � A4Þ

LTV ¼
�w

2b
ðFa2 � Fb2Þ

LTM ¼
�w

2b2
ðFa3 � Fb3Þ

LTy ¼
�w

4EIb3
ðFa4 � Fb4Þ

LTy ¼
�w

4EIb4
ðFa5 � Fb5Þ

3. Uniform increasing

load from a to b

RA ¼ 0 MA ¼ 0

yA ¼
w

2EIb4

B4 � A4

b � a
� 2bB3

� �

yA ¼
w

2EIb5

B3 � A3

b � a
� bB2

� �

RA ¼ 0 yA ¼ 0

MA ¼
w

2b3

B4 � A4

b � a
� 2bB3

� �

yA ¼
�w

4EIb5

B2 � A2

b � a
� 2bB1

� �

MA ¼ 0 yA ¼ 0

RA ¼
�w

b2

B3 � A3

b � a
� bB2

� �

yA ¼
w

2EIb4

B1 � A1

b � a
þ bB4

� �

yA ¼ 0 yA ¼ 0

RA ¼
w

b2

B2 � A2

b � a
� 2bB1

� �

MA ¼
w

b3

B1 � A1

b � a
þ bB4

� �

LTV ¼
�w

2b2

Fa3 � Fb3

b � a
� bFb2

� �

LTM ¼
�w

4b3

Fa4 � Fb4

b � a
� 2bFb3

� �

LTy ¼
�w

4EIb4

Fa5 � Fb5

b � a
� bFb4

� �

LTy ¼
�w

8EIb5

Fa6 � Fb6

b � a
� 2bFb5

� �

4. Concentrated

intermediate moment

(if ba > 3, see case 11)

RA ¼ 0 MA ¼ 0

yA ¼
�2Mo

EIb
A1

yA ¼
Mo

EIb2
A4

ðif a ¼ 0; see case 9Þ

RA ¼ 0 yA ¼ 0

MA ¼ �2MoA1

yA ¼
�Mo

EIb2
A3

MA ¼ 0 yA ¼ 0

RA ¼ �2MobA4

yA ¼
Mo

EIb
A2

yA ¼ 0 yA ¼ 0

RA ¼ 4MobA3

MA ¼ 2MoA2

LTV ¼ �MobFa4

LTM ¼ MoFa1

LTy ¼
Mo

2EIb
Fa2

LTy ¼
Mo

2EIb2
Fa3

5. Externally created

concentrated angular

displacement

RA ¼ 0 MA ¼ 0

yA ¼ �2yoA4

yA ¼
�2yo

b
A3

RA ¼ 0 yA ¼ 0

MA ¼ �2yoEIbA4

yA ¼
yo

b
A2

MA ¼ 0 yA ¼ 0

RA ¼ 4yoEIb2A3

yA ¼ �2yoA1

yA ¼ 0 yA ¼ 0

RA ¼ �4yoEIb2A2

MA ¼ �4yoEIbA1

LTV ¼ �2yoEIb2Fa3

LTM ¼ �yoEIbFa4

LTy ¼ yoFa1

LTy ¼
yo

2b
Fa2
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6. Externally created

concentrated lateral

displacement

RA ¼ 0 MA ¼ 0

yA ¼ 4DobA3

yA ¼ 2DoA2

RA ¼ 0 yA ¼ 0

MA ¼ 4DoEIb2A3

yA ¼ �2DoA1

MA ¼ 0 yA ¼ 0

RA ¼ �4DoEIb3A2

yA ¼ �2DobA4

yA ¼ 0 yA ¼ 0

RA ¼ 8DoEIb3A1

MA ¼ �4DoEIb2A4

LTV ¼ �2DoEIb3Fa2

LTM ¼ �2DoEIb2Fa3

LTy ¼ �DobFa4

LTy ¼ DoFa1

7. Uniform temperature

differential from top to

bottom

RA ¼ 0 MA ¼ 0

yA ¼
T1 � T2

tb
g

yA ¼ �
T1 � T2

2tb2
g

RA ¼ 0 yA ¼ 0

MA ¼
T1 � T2

t
gEI

yA ¼ 0

MA ¼ 0 yA ¼ 0

RA ¼
T1 � T2

t
gEIb

yA ¼
T1 � T2

2tb
g

yA ¼ 0 yA ¼ 0

RA ¼ 0

MA ¼
T1 � T2

t
gEI

LTV ¼
T1 � T2

t
gEIbF4

LTM ¼
T1 � T2

t
gEIð1 � F1Þ

LTy ¼ �
T1 � T2

2tb
gF2

LTy ¼ �
T1 � T2

2tb2
gF3

Simple loads on semi-infinite and on infinite beams on elastic foundations

Loading, reference no. Shear, moment, and deformation equations Selected maximum values

8. Concentrated end load

on a semi-infinite

beam, left end free

V ¼ �We�bxðcosbx � sinbxÞ

M ¼ �
W

b
e�bx sin bx

y ¼
W

2EIb2
e�bxðcos bx þ sinbxÞ

y ¼ �
W

2EIb3
e�bx cosbx

Max V ¼ �W at x ¼ 0

Max M ¼ �0:3224
W

b
at x ¼

p
4b

Max y ¼
W

2EIb2
at x ¼ 0

Max y ¼
�W

2EIb3
at x ¼ 0

9. Concentrated end

moment on a

semi-infinite beam, left

end free

V ¼ �2Mobe�bx sin bx

M ¼ Moe�bxðcos bx þ sinbxÞ

y ¼ �
Mo

EIb
e�bx cos bx

y ¼ �
Mo

2EIb2
e�bxðsin bx � cos bxÞ

Max V ¼ �0:6448Mob at x ¼
p
4b

Max M ¼ Mo at x ¼ 0

Max y ¼ �
Mo

EIb
at x ¼ 0

Max y ¼
Mo

2EIb2
at x ¼ 0
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TABLE 8.6 Shear, moment, slope, and deflection formulas for semi-infinite beams on elastic foundations (Continued)



TABLE 8.6 Shear, moment, slope, and deflection formulas for semi-infinite beams on elastic foundations (Continued )

Loading, reference no. Shear, moment, and deformation equations Selected maximum values

10. Concentrated load on an

infinite beam
V ¼ �

W

2
e�bx cosbx

M ¼
W

4b
e�bxðcos bx � sin bxÞ

y ¼
W

4EIb2
e�bx sin bx

y ¼ �
W

8EIb3
e�bxðcos bx þ sinbxÞ

Max V ¼ �
W

2
at x ¼ 0

Max M ¼
W

4b
at x ¼ 0

Max y ¼ 0:0806
W

EIb2
at x ¼

p
4b

Max y ¼ �
W

8EIb3
at x ¼ 0

11. Concentrated moment

on an infinite beam
V ¼ �

Mob
2

e�bxðcos bx þ sin bxÞ

M ¼
Mo

2
e�bx cosbx

y ¼ �
Mo

4EIb
e�bxðcos bx � sin bxÞ

y ¼ �
Mo

4EIb2
e�bx sinbx

Max V ¼ �
Mob

2
at x ¼ 0

Max M ¼
Mo

2
at x ¼ 0

Max y ¼ �
Mo

4EIb
at x ¼ 0

Max y ¼ �0:0806
Mo

EIb2
at x ¼

p
4b
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