
TABLE 8.5 Shear, moment, slope, and deflection formulas for finite-length beams on elastic foundations
NOTATION: W ¼ load (force); w ¼ unit load (force per unit length); Mo ¼ applied couple (force-length); yo ¼ externally created concentrated angular displacement (radians); Do ¼ externally created

concentrated lateral displacement (length); g ¼ temperature coefficient of expansion (unit strain per degree); T1 and T2 ¼ temperatures on top and bottom surfaces, respectively (degrees). RA and

RB are the vertical end reactions at the left and right, respectively, and are positive upward. MA and MB are the reaction end moments at the left and right, respectively, and all moments are positive

when producing compression on the upper portion of the beam cross section. The transverse shear force V is positive when acting upward on the left end of a portion of the beam. All applied loads,

couples, and displacements are positive as shown. All slopes are in radians, and all temperatures are in degrees. All deflections are positive upward and slopes positive when up and to the right.

Note that MA and RA are reactions, not applied loads. They exist only when necessary end restraints are provided.

The following constants and functions, involving both beam constants and foundation constants, are hereby defined in order to permit condensing the tabulated formulas which follow

ko ¼ foundation modulus (unit stress per unit deflection); bo ¼ beam width; and b ¼ ðboko=4EIÞ1=4. (Note: See page 131 for a definition of hx � ain :Þ The functions coshbhx � ai; sinhbhx � ai,

cos bhx � ai, and sin bhx � ai are also defined as having a value of zero if x < a.

F1 ¼ coshbx cosbx

F2 ¼ coshbx sinbx þ sinhbx cos bx

F3 ¼ sinhbx sin bx

F4 ¼ coshbx sinbx � sinhbx cos bx

Fa1 ¼hx � ai0 coshbhx � aicos bhx � ai

Fa2 ¼ coshbhx � aisinbhx � aiþ sinh bhx � aicosbhx � ai

Fa3 ¼ sinhbhx � aisin bhx � ai

Fa4 ¼ coshbhx � aisinbhx � ai� sinh bhx � aicosbhx � ai

Fa5 ¼hx � ai0 � Fa1

Fa6 ¼ 2bðx � aÞhx � ai0 � Fa2

C1 ¼ coshbl cos bl

C2 ¼ coshbl sin bl þ sinhbl cosbl

C3 ¼ sinhbl sinbl

C4 ¼ coshbl sin bl � sinhbl cosbl

Ca1 ¼ coshbðl � aÞ cosbðl � aÞ

Ca2 ¼ coshbðl � aÞ sinbðl � aÞ þ sinhbðl � aÞ cos bðl � aÞ

Ca3 ¼ sinhbðl � aÞ sin bðl � aÞ

Ca4 ¼ coshbðl � aÞ sinbðl � aÞ � sinhbðl � aÞ cos bðl � aÞ

Ca5 ¼ 1 � Ca1

Ca6 ¼ 2bðl � aÞ � Ca2

C11 ¼ sinh
2 bl � sin

2 bl

C12 ¼ coshbl sinhbl þ cos bl sinbl

C13 ¼ coshbl sinhbl � cos bl sinbl

C14 ¼ sinh
2 bl þ sin

2 bl

1. Concentrated intermediate load Transverse shear ¼ V ¼ RAF1 � yA2EIb3F2 � yA2EIb2F3 � MAbF4 � WFa1

Bending moment ¼ M ¼ MAF1 þ
RA

2b
F2 � yA2EIb2F3 � yAEIbF4 �

W

2b
Fa2

Slope ¼ y ¼ yAF1 þ
MA

2EIb
F2 þ

RA

2EIb2
F3 � yAbF4 �

W

2EIb2
Fa3

Deflection ¼ y ¼ yAF1 þ
yA

2b
F2 þ

MA

2EIb2
F3 þ

RA

4EIb3
F4 �

W

4EIb3
Fa4

If bl > 6, see Table 8.6

Expressions for RA, MA, yA, and yA are found below for several combinations of end restraints

S
E
C
.
8
.1
7
]

B
e
a
m
s
;
F
le
x
u
re

o
f
S
tra

ig
h
t
B
a
rs

2
1
3



TABLE 8.5 Shear, moment, slope, and deflection formulas for finite-length beams on elastic foundations (Continued)

Right

end Free Guided Simply supported Fixed

Left

end

RA ¼ 0 MA ¼ 0

yA ¼
W

2EIb2

C2Ca2 � 2C3Ca1

C11

yA ¼
W

2EIb3

C4Ca1 � C3Ca2

C11

RA ¼ 0 MA ¼ 0

yA ¼
W

2EIb2

C2Ca3 � C4Ca1

C12

yA ¼
�W

2EIb3

C1Ca1 þ C3Ca3

C12

RA ¼ 0 MA ¼ 0

yA ¼
W

2EIb2

C1Ca2 þ C3Ca4

C13

yA ¼
�W

4EIb3

C4Ca4 þ C2Ca2

C13

RA ¼ 0 MA ¼ 0

yA ¼
W

2EIb2

2C1Ca3 þ C4Ca4

2 þ C11

yA ¼
W

2EIb3

C1Ca4 � C2Ca3

2 þ C11

F
re

e
G

u
id

e
d

RA ¼ 0 yA ¼ 0

MA ¼
W

2b
C2Ca2 � 2C3Ca1

C12

yA ¼
�W

4EIb3

2C1Ca1 þ C4Ca2

C12

RA ¼ 0 yA ¼ 0

MA ¼
W

2b
C2Ca3 � C4Ca1

C14

yA ¼
�W

4EIb3

C2Ca1 þ C4Ca3

C14

RA ¼ 0 yA ¼ 0

MA ¼
W

2b
C1Ca2 þ C3Ca4

1 þ C11

yA ¼
W

4EIb3

C1Ca4 � C3Ca2

1 þ C11

RA ¼ 0 yA ¼ 0

MA ¼
W

2b
2C1Ca3 þ C4Ca4

C12

yA ¼
W

4EIb3

C2Ca4 � 2C3Ca3

C12

S
im

p
ly

su
p

p
o
rt

e
d

MA ¼ 0 yA ¼ 0

RA ¼ W
C3Ca2 � C4Ca1

C13

yA ¼
W

2EIb2

C1Ca2 � C2Ca1

C13

MA ¼ 0 yA ¼ 0

RA ¼ W
C1Ca1 þ C3Ca3

1 þ C11

yA ¼
W

2EIb2

C1Ca3 � C3Ca1

1 þ C11

MA ¼ 0 yA ¼ 0

RA ¼
W

2

C2Ca2 þ C4Ca4

C14

yA ¼
W

4EIb2

C2Ca4 � C4Ca2

C14

MA ¼ 0 yA ¼ 0

RA ¼ W
C2Ca3 � C1Ca4

C13

yA ¼
W

2EIb2

C3Ca4 � C4Ca3

C13

F
ix

e
d

yA ¼ 0 yA ¼ 0

RA ¼ W
2C1Ca1 þ C4Ca2

2 þ C11

MA ¼
W

b
C1Ca2 � C2Ca1

2 þ C11

yA ¼ 0 yA ¼ 0

RA ¼ W
C4Ca3 þ C2Ca1

C12

MA ¼
W

b
C1Ca3 � C3Ca1

C12

yA ¼ 0 yA ¼ 0

RA ¼ W
C3Ca2 � C1Ca4

C13

MA ¼
W

2b
C2Ca4 � C4Ca2

C13

yA ¼ 0 yA ¼ 0

RA ¼ W
2C3Ca3 � C2Ca4

C11

MA ¼
W

b
C3Ca4 � C4Ca3

C11
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2. Partial uniformly distributed load Transverse shear ¼ V ¼ RAF1 � yA2EIb3F2 � yA2EIb2F3 � MAbF4 �
w

2b
Fa2

Bending moment ¼ M ¼ MAF1 þ
RA

2b
F2 � yA2EIb2F3 � yAEIbF4 �

w

2b2
Fa3

Slope ¼ y ¼ yAF1 þ
MA

2EIb
F2 þ

RA

2EIb2
F3 � yAbF4 �

w

4EIb3
Fa4

Deflection ¼ y ¼ yAF1 þ
yA

2b
F2 þ

MA

2EIb2
F3 þ

RA

4EIb3
F4 �

w

4EIb4
Fa5

If bl > 6, see Table 8.6

Expressions for RA, MA, yA, and yA are found below for several combinations of end restraints

Right

end Free Guided Simply supported Fixed

Left

end

RA ¼ 0 MA ¼ 0

yA ¼
w

2EIb3

C2Ca3 � C3Ca2

C11

yA ¼
w

4EIb4

C4Ca2 � 2C3Ca3

C11

RA ¼ 0 MA ¼ 0

yA ¼
w

4EIb3

C2Ca4 � C4Ca2

C12

yA ¼
�w

4EIb4

C1Ca2 þ C3Ca4

C12

RA ¼ 0 MA ¼ 0

yA ¼
w

2EIb3

C1Ca3 þ C3Ca5

C13

yA ¼
�w

4EIb4

C4Ca5 þ C2Ca3

C13

RA ¼ 0 MA ¼ 0

yA ¼
w

2EIb3

C1Ca4 þ C4Ca5

2 þ C11

yA ¼
w

4EIb4

2C1Ca5 � C2Ca4

2 þ C11

F
re

e
G

u
id

e
d

RA ¼ 0 yA ¼ 0

MA ¼
w

2b2

C2Ca3 � C3Ca2

C12

yA ¼
�w

4EIb4

C1Ca2 þ C4Ca3

C12

RA ¼ 0 yA ¼ 0

MA ¼
w

4b2

C2Ca4 � C4Ca2

C14

yA ¼
�w

8EIb4

C2Ca2 þ C4Ca4

C14

RA ¼ 0 yA ¼ 0

MA ¼
w

2b2

C1Ca3 þ C3Ca5

1 þ C11

yA ¼
w

4EIb4

C1Ca5 � C3Ca3

1 þ C11

RA ¼ 0 yA ¼ 0

MA ¼
w

2b2

C1Ca4 þ C4Ca5

C12

yA ¼
w

4EIb4

C2Ca5 � C3Ca4

C12

S
im

p
ly

su
p

p
o
rt

e
d

MA ¼ 0 yA ¼ 0

RA ¼
w

2b
2C2Ca3 � C4Ca2

C13

yA ¼
w

4EIb3

2C1Ca3 � C2Ca2

C13

MA ¼ 0 yA ¼ 0

RA ¼
w

2b
C1Ca2 þ C3Ca4

1 þ C11

yA ¼
w

4EIb3

C1Ca4 � C3Ca2

1 þ C11

MA ¼ 0 yA ¼ 0

RA ¼
w

2b
C2Ca3 þ C4Ca5

C14

yA ¼
w

4EIb3

C2Ca5 � C4Ca3

C14

MA ¼ 0 yA ¼ 0

RA ¼
w

2b
C2Ca4 � 2C1Ca5

C13

yA ¼
w

4EIb3

2C3Ca5 � C4Ca4

C13

F
ix

e
d

yA ¼ 0 yA ¼ 0

RA ¼
w

b
C1Ca2 þ C4Ca3

2 þ C11

MA ¼
w

2b2

2C1Ca3 � C2Ca2

2 þ C11

yA ¼ 0 yA ¼ 0

RA ¼
w

2b
C4Ca4 þ C2Ca2

C12

MA ¼
w

2b2

C1Ca4 � C3Ca2

C12

yA ¼ 0 yA ¼ 0

RA ¼
w

b
C3Ca3 � C1Ca5

C13

MA ¼
w

2b2

C2Ca5 � C4Ca3

C13

yA ¼ 0 yA ¼ 0

RA ¼
w

b
C3Ca4 � C2Ca5

C11

MA ¼
w

2b2

2C3Ca5 � C4Ca4

C11
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TABLE 8.5 Shear, moment, slope, and deflection formulas for finite-length beams on elastic foundations (Continued)



TABLE 8.5 Shear, moment, slope, and deflection formulas for finite-length beams on elastic foundations (Continued)

3. Partial uniformly increasing load Transverse shear ¼ V ¼ RAF1 � yA2EIb3F2 � yA2EIb2F3 � MAbF4 �
wFa3

2b2
ðl � aÞ

Bending moment ¼ M ¼ MAF1 þ
RA

2b
F2 � yA2EIb2F3 � yAEIbF4 �

wFa4

4b3
ðl � aÞ

Slope ¼ y ¼ yAF1 þ
MA

2EIb
F2 þ

RA

2EIb2
F3 � yAbF4 �

wFa5

4EIb4
ðl � aÞ

Deflection ¼ y ¼ yAF1 þ
yA

2b
F2 þ

MA

2EIb2
F3 þ

RA

4EIb3
F4 �

wFa6

8EIb5
ðl � aÞ

If bl > 6, see Table 8.6

Expressions for RA, MA, yA, and yA are found below for several combinations of end restraints

Right

end Free Guided Simply supported Fixed

Left

end

RA ¼ 0 MA ¼ 0

yA ¼
wðC2Ca4 � 2C3Ca3Þ

4EIb4
ðl � aÞC11

yA ¼
wðC4Ca3 � C3Ca4Þ

4EIb5
ðl � aÞC11

RA ¼ 0 MA ¼ 0

yA ¼
wðC2Ca5 � C4Ca3Þ

4EIb4
ðl � aÞC12

yA ¼
�wðC1Ca3 þ C3Ca5Þ

4EIb5
ðl � aÞC12

RA ¼ 0 MA ¼ 0

yA ¼
wðC1Ca4 þ C3Ca6Þ

4EIb4
ðl � aÞC13

yA ¼
�wðC2Ca4 þ C4Ca6Þ

8EIb5
ðl � aÞC13

RA ¼ 0 MA ¼ 0

yA ¼
wð2C1Ca5 þ C4Ca6Þ

4EIb4
ðl � aÞð2 þ C11Þ

yA ¼
wðC1Ca6 � C2Ca5Þ

4EIb5
ðl � aÞð2 þ C11Þ

F
re

e
G

u
id

e
d

RA ¼ 0 yA ¼ 0

MA ¼
wðC2Ca4 � 2C3Ca3Þ

4b3
ðl � aÞC12

yA ¼
�wð2C1Ca3 þ C4Ca4Þ

8EIb5
ðl � aÞC12

RA ¼ 0 yA ¼ 0

MA ¼
wðC2Ca5 � C4Ca3Þ

4b3
ðl � aÞC14

yA ¼
�wðC2Ca3 þ C4Ca5Þ

8EIb5
ðl � aÞC14

RA ¼ 0 yA ¼ 0

MA ¼
wðC1Ca4 þ C3Ca6Þ

4b3
ðl � aÞð1 þ C11Þ

yA ¼
wðC1Ca6 � C3Ca4Þ

8EIb5
ðl � aÞð1 þ C11Þ

RA ¼ 0 yA ¼ 0

MA ¼
wð2C1Ca5 þ C4Ca6Þ

4b3
ðl � aÞC12

yA ¼
wðC2Ca6 � 2C3Ca5Þ

8EIb5
ðl � aÞC12

S
im

p
ly

su
p

p
o
rt

e
d

MA ¼ 0 yA ¼ 0

RA ¼
wðC3Ca4 � C4Ca3Þ

2b2
ðl � aÞC13

yA ¼
wðC1Ca4 � C2Ca3Þ

4EIb4
ðl � aÞC13

MA ¼ 0 yA ¼ 0

RA ¼
wðC1Ca3 þ C3Ca5Þ

2b2
ðl � aÞð1 þ C11Þ

yA ¼
wðC1Ca5 � C3Ca3Þ

4EIb4
ðl � aÞð1 þ C11Þ

MA ¼ 0 yA ¼ 0

RA ¼
wðC2Ca4 þ C4Ca6Þ

4b2
ðl � aÞC14

yA ¼
wðC2Ca6 � C4Ca4Þ

8EIb4
ðl � aÞC14

MA ¼ 0 yA ¼ 0

RA ¼
wðC2Ca5 � C1Ca6Þ

2b2
ðl � aÞC13

yA ¼
wðC3Ca6 � C4Ca5Þ

4EIb4
ðl � aÞC13

F
ix

e
d

yA ¼ 0 yA ¼ 0

RA ¼
wð2C1Ca3 þ C4Ca4Þ

2b2
ðl � aÞð2 þ C11Þ

MA ¼
wðC1Ca4 � C2Ca3Þ

2b3
ðl � aÞð2 þ C11Þ

yA ¼ 0 yA ¼ 0

RA ¼
wðC4Ca5 þ C2Ca3Þ

2b2
ðl � aÞC12

MA ¼
wðC1Ca5 � C3Ca3Þ

2b3
ðl � aÞC12

yA ¼ 0 yA ¼ 0

RA ¼
wðC3Ca4 � C1Ca6Þ

2b2
ðl � aÞC13

MA ¼
wðC2Ca6 � C4Ca4Þ

4b3
ðl � aÞC13

yA ¼ 0 yA ¼ 0

RA ¼
wð2C3Ca5 � C2Ca6Þ

2b2
ðl � aÞC11

MA ¼
wðC3Ca6 � C4Ca5Þ

2b3
ðl � aÞC11
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4. Concentrated intermediate moment Transverse shear ¼ V ¼ RAF1 � yA2EIb3F2 � yA2EIb2F3 � MAbF4 � MobFa4

Bending moment ¼ M ¼ MAF1 þ
RA

2b
F2 � yA2EIb2F3 � yAEIbF4 þ MoFa1

Slope ¼ y ¼ yAF1 þ
MA

2EIb
F2 þ

RA

2EIb2
F3 � yAbF4 þ

Mo

2EIb
Fa2

Deflection ¼ y ¼ yAF1 þ
yA

2b
F2 þ

MA

2EIb2
F3 þ

RA

4EIb3
F4 þ

Mo

2EIb2
Fa3

If bl > 6, see Table 8.6

Expressions for RA, MA, yA, and yA are found below for several combinations of end restraints

Right

end Free Guided Simply supported Fixed

Left

end

RA ¼ 0 MA ¼ 0

yA ¼
�Mo

EIb
C3Ca4 þ C2Ca1

C11

yA ¼
Mo

2EIb2

2C3Ca1 þ C4Ca4

C11

RA ¼ 0 MA ¼ 0

yA ¼
�Mo

2EIb
C2Ca2 þ C4Ca4

C12

yA ¼
Mo

2EIb2

C3Ca2 � C1Ca4

C12

RA ¼ 0 MA ¼ 0

yA ¼
�Mo

EIb
C1Ca1 þ C3Ca3

C13

yA ¼
Mo

2EIb2

C4Ca3 þ C2Ca1

C13

RA ¼ 0 MA ¼ 0

yA ¼
�Mo

EIb
C1Ca2 þ C4Ca3

2 þ C11

yA ¼
�Mo

2EIb2

2C1Ca3 � C2Ca2

2 þ C11

F
re

e
G

u
id

e
d

RA ¼ 0 yA ¼ 0

MA ¼ �Mo

C2Ca1 þ C3Ca4

C12

yA ¼
�Mo

2EIb2

C1Ca4 � C4Ca1

C12

RA ¼ 0 yA ¼ 0

MA ¼
�Mo

2

C2Ca2 þ C4Ca4

C14

yA ¼
Mo

4EIb2

C4Ca2 � C2Ca4

C14

RA ¼ 0 yA ¼ 0

MA ¼ �Mo

C1Ca1 þ C3Ca3

1 þ C11

yA ¼
Mo

2EIb2

C3Ca1 � C1Ca3

1 þ C11

RA ¼ 0 yA ¼ 0

MA ¼ �Mo

C1Ca2 þ C4Ca3

C12

yA ¼
Mo

2EIb2

C3Ca2 � C2Ca3

C12

S
im

p
ly

su
p

p
o
rt

e
d

MA ¼ 0 yA ¼ 0

RA ¼ �Mob
2C3Ca1 þ C4Ca4

C13

yA ¼
�Mo

2EIb
2C1Ca1 þ C2Ca4

C13

MA ¼ 0 yA ¼ 0

RA ¼ �Mob
C3Ca2 � C1Ca4

1 þ C11

yA ¼
�Mo

2EIb
C1Ca2 þ C3Ca4

1 þ C11

MA ¼ 0 yA ¼ 0

RA ¼ �Mob
C2Ca1 þ C4Ca3

C14

yA ¼
�Mo

2EIb
C2Ca3 � C4Ca1

C14

MA ¼ 0 yA ¼ 0

RA ¼ �Mob
C2Ca2 � 2C1Ca3

C13

yA ¼
�Mo

2EIb
2C3Ca3 � C4Ca2

C13

F
ix

e
d

yA ¼ 0 yA ¼ 0

RA ¼ �Mo2b
C4Ca1 � C1Ca4

2 þ C11

MA ¼ �Mo

2C1Ca1 þ C2Ca4

2 þ C11

yA ¼ 0 yA ¼ 0

RA ¼ �Mob
C4Ca2 � C2Ca4

C12

MA ¼ �Mo

C1Ca2 þ C3Ca4

C12

yA ¼ 0 yA ¼ 0

RA ¼ �Mo2b
C3Ca1 � C1Ca3

C13

MA ¼ �Mo

C2Ca3 � C4Ca1

C13

yA ¼ 0 yA ¼ 0

RA ¼ �Mo2b
C3Ca2 � C2Ca3

C11

MA ¼ �Mo

2C3Ca3 � C4Ca2

C11
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TABLE 8.5 Shear, moment, slope, and deflection formulas for finite-length beams on elastic foundations (Continued)



TABLE 8.5 Shear, moment, slope, and deflection formulas for finite-length beams on elastic foundations (Continued)

5. Externally created concentrated angular

displacement

Transverse shear ¼ V ¼ RAF1 � yA2EIb3F2 � yA2EIb2F3 � MAbF4 � yo2EIb2Fa3

Bending moment ¼ M ¼ MAF1 þ
RA

2b
F2 � yA2EIb2F3 � yAEIbF4 � yoEIbFa4

Slope ¼ y ¼ yAF1 þ
MA

2EIb
F2 þ

RA

2EIb2
F3 � yAbF4 þ yoFa1

Deflection ¼ y ¼ yAF1 þ
yA

2b
F2 þ

MA

2EIb2
F3 þ

RA

4EIb3
F4 þ

y0

2b
Fa2

If bl > 6, see Table 8.6

Expressions for RA, MA, yA, and yA are found below for several combinations of end restraints

Right

end Free Guided Simply supported Fixed

Left

end

RA ¼ 0 MA ¼ 0

yA ¼ yo

C2Ca4 � 2C3Ca3

C11

yA ¼
yo

b
C4Ca3 � C3Ca4

C11

RA ¼ 0 MA ¼ 0

yA ¼ �yo

C2Ca1 þ C4Ca3

C12

yA ¼
yo

b
C3Ca1 � C1Ca3

C12

RA ¼ 0 MA ¼ 0

yA ¼ yo

C1Ca4 � C3Ca2

C13

yA ¼
yo

2b
C4Ca2 � C2Ca4

C13

RA ¼ 0 MA ¼ 0

yA ¼ �yo

2C1Ca1 þ C4Ca2

2 þ C11

yA ¼
�yo

b
C1Ca2 � C2Ca1

2 þ C11

F
re

e
G

u
id

e
d

RA ¼ 0 yA ¼ 0

MA ¼ yoEIb
C2Ca4 � 2C3Ca3

C12

yA ¼
�yo

2b
2C1Ca3 þ C4Ca4

C12

RA ¼ 0 yA ¼ 0

MA ¼ �yoEIb
C2Ca1 þ C4Ca3

C14

yA ¼
yo

2b
C4Ca1 � C2Ca3

C14

RA ¼ 0 yA ¼ 0

MA ¼ yoEIb
C1Ca4 � C3Ca2

1 þ C11

yA ¼
�yo

2b
C1Ca2 þ C3Ca4

1 þ C11

RA ¼ 0 yA ¼ 0

MA ¼ �yoEIb
2C1Ca1 þ C4Ca2

C12

yA ¼
yo

2b
2C3Ca1 � C2Ca2

C12

S
im

p
ly

su
p

p
o
rt

e
d

MA ¼ 0 yA ¼ 0

RA ¼ yo2EIb2 C3Ca4 � C4Ca3

C13

yA ¼ yo

C1Ca4 � C2Ca3

C13

MA ¼ 0 yA ¼ 0

RA ¼ yo2EIb2 C1Ca3 � C3Ca1

1 þ C11

yA ¼ �yo

C1Ca1 þ C3Ca3

1 þ C11

MA ¼ 0 yA ¼ 0

RA ¼ yoEIb2 C2Ca4 � C4Ca2

C14

yA ¼
�yo

2

C2Ca2 þ C4Ca4

C14

MA ¼ 0 yA ¼ 0

RA ¼ yo2EIb2 C1Ca2 � C2Ca1

C13

yA ¼ yo

C4Ca1 � C3Ca2

C13

F
ix

e
d

yA ¼ 0 yA ¼ 0

RA ¼ yo2EIb2 2C1Ca3 þ C4Ca4

2 þ C11

MA ¼ yo2EIb
C1Ca4 � C2Ca3

2 þ C11

yA ¼ 0 yA ¼ 0

RA ¼ yo2EIb2 C2Ca3 � C4Ca1

C12

MA ¼ �yo2EIb
C1Ca1 þ C3Ca3

C12

yA ¼ 0 yA ¼ 0

RA ¼ yo2EIb2 C1Ca2 þ C3Ca4

C13

MA ¼ �yoEIb
C2Ca2 þ C4Ca4

C13

yA ¼ 0 yA ¼ 0

RA ¼ yo2EIb2 C2Ca2 � 2C3Ca1

C11

MA ¼ yo2EIb
C4Ca1 � C3Ca2

C11

2
1
8

F
o
rm

u
la
s
fo
r
S
tre

s
s
a
n
d
S
tra

in
[C
H
A
P
.
8



6. Externally created concentrated lateral

displacement

Transverse shear ¼ V ¼ RAF1 � yA2EIb3F2 � yA2EIb2F3 � MAbF4 � Do2EIb3Fa2

Bending moment ¼ M ¼ MAF1 þ
RA

2b
F2 � yA2EIb2F3 � yAEIbF4 � Do2EIb2Fa3

Slope ¼ y ¼ yAF1 þ
MA

2EIb
F2 þ

RA

2EIb2
F3 � yAbF4 � DobFa4

Deflection ¼ y ¼ yAF1 þ
yA

2b
F2 þ

MA

2EIb2
F3 þ

RA

4EIb3
F4 þ DoFa1

If bl > 6, see Table 8.6

Expressions for RA, MA, yA, and yA are found below for several combinations of end restraints

Right

end Free Guided Simply supported Fixed

Left

end

RA ¼ 0 MA ¼ 0

yA ¼ Do2b
C2Ca3 � C3Ca2

C11

yA ¼ Do

C4Ca2 � 2C3Ca3

C11

RA ¼ 0 MA ¼ 0

yA ¼ Dob
C2Ca4 � C4Ca2

C12

yA ¼ �Do

C1Ca2 þ C3Ca4

C12

RA ¼ 0 MA ¼ 0

yA ¼ Do2b
C1Ca3 � C3Ca1

C13

yA ¼ Do

C4Ca1 � C2Ca3

C13

RA ¼ 0 MA ¼ 0

yA ¼ D02b
C1Ca4 � C4Ca1

2 þ C11

yA ¼ �Do

2C1Ca1 þ C2Ca4

2 þ C11

F
re

e
G

u
id

e
d

RA ¼ 0 yA ¼ 0

MA ¼ Do2EIb2 C2Ca3 � C3Ca2

C12

yA ¼ �Do

C1Ca2 þ C4Ca3

C12

RA ¼ 0 yA ¼ 0

MA ¼ DoEIb2 C2Ca4 � C4Ca2

C14

yA ¼
�Do

2

C2Ca2 þ C4Ca4

C14

RA ¼ 0 yA ¼ 0

MA ¼ Do2EIb2 C1Ca3 � C3Ca1

1 þ C11

yA ¼ �Do

C1Ca1 þ C3Ca3

1 þ C11

RA ¼ 0 yA ¼ 0

MA ¼ Do2EIb2 C1Ca4 � C4Ca1

C12

yA ¼ �Do

C2Ca1 þ C3Ca4

C12

S
im

p
ly

su
p

p
o
rt

e
d

MA ¼ 0 yA ¼ 0

RA ¼ Do2EIb3 2C3Ca3 � C4Ca2

C13

yA ¼ Dob
2C1Ca3 � C2Ca2

C13

MA ¼ 0 yA ¼ 0

RA ¼ Do2EIb3 C1Ca2 þ C3Ca4

1 þ C11

yA ¼ Dob
C1Ca4 � C3Ca2

1 þ C11

MA ¼ 0 yA ¼ 0

RA ¼ Do2EIb3 C2Ca3 � C4Ca1

C14

yA ¼ �Dob
C2Ca1 þ C4Ca3

C14

MA ¼ 0 yA ¼ 0

RA ¼ Do2EIb3 C2Ca4 þ 2C1Ca1

C13

yA ¼ �Dob
2C3Ca1 þ C4Ca4

C13

F
ix

e
d

yA ¼ 0 yA ¼ 0

RA ¼ Do4EIb3 C1Ca2 þ C4Ca3

2 þ C11

MA ¼ Do2EIb2 2C1Ca3 � C2Ca2

2 þ C11

yA ¼ 0 yA ¼ 0

RA ¼ Do2EIb3 C4Ca4 þ C2Ca2

C12

MA ¼ Do2EIb2 C1Ca4 � C3Ca2

C12

yA ¼ 0 yA ¼ 0

RA ¼ Do4EIb3 C3Ca3 þ C1Ca1

C13

MA ¼ �Do2EIb2 C2Ca1 þ C4Ca3

C13

yA ¼ 0 yA ¼ 0

RA ¼ Do4EIb3 C3Ca4 þ C2Ca1

C11

MA ¼ �Do2EIb2 2C3Ca1 þ C4Ca4

C11

S
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C
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TABLE 8.5 Shear, moment, slope, and deflection formulas for finite-length beams on elastic foundations (Continued)



TABLE 8.5 Shear, moment, slope, and deflection formulas for finite-length beams on elastic foundations (Continued)

7. Uniform temperature differential from

top to bottom
Transverse shear ¼ V ¼ RAF1 � yA2EIb3F2 � yA2EIb2F3 � MAbF4 þ

T1 � T2

t
gEIbF4

Bending moment ¼ M ¼ MAF1 þ
RA

2b
F2 � yA2EIb2F3 � yAEIbF4 �

T1 � T2

t
gEIðF1 � 1Þ

Slope ¼ y ¼ yAF1 þ
MA

2EIb
F2 þ

RA

2EIb2
F3 � yAbF4 �

T1 � T2

2tb
gF2

Deflection ¼ y ¼ yAF1 þ
yA

2b
F2 þ

MA

2EIb2
F3 þ

RA

4EIb3
F4 �

T1 � T2

2tb2
gF3

If bl > 6, see Table 8.6

Expressions for RA, MA, yA, and yA are found below for several combinations of end restraints

Right

end Free Guided Simply supported Fixed

Left

end

RA ¼ 0 MA ¼ 0

yA ¼
ðT1 � T2Þg

bt

C1C2 þ C3C4 � C2

C11

yA ¼
�ðT1 � T2Þg

2b2t

C2
4 þ 2C1C3 � 2C3

C11

RA ¼ 0 MA ¼ 0

yA ¼
ðT1 � T2Þg

2bt

C2
2 þ C2

4

C12

yA ¼
�ðT1 � T2Þg

2b2t

C2C3 � C1C4

C12

RA ¼ 0 MA ¼ 0

yA ¼
ðT1 � T2Þg

bt

C2
1 þ C3 � C4

C13

yA ¼
�ðT1 � T2Þg

bt

C1C2 þ C3C4 � C2

C13

RA ¼ 0 MA ¼ 0

yA ¼
ðT1 � T2Þg

2b2t

C1C2 þ C3C1

2 þ C11

yA ¼
ðT1 � T2Þg

2b2t

2C1C3 � C2
2

2 þ C11

F
re

e
G

u
id

e
d

RA ¼ 0 yA ¼ 0

MA ¼
ðT1 � T2ÞgEI

t

C1C2 þ C3C4 � C2

C12

yA ¼
ðT1 � T2Þg

2b2t

C4

C12

RA ¼ 0 yA ¼ 0

MA ¼
ðT1 � T2ÞgEI

t

yA ¼ 0

RA ¼ 0 yA ¼ 0

MA ¼
ðT1 � T2ÞgEI

t

C2
1 þ C2

3 � C1

1 þ C11

yA ¼
ðT1 � T2Þg

2b2t

C3

1 þ C11

RA ¼ 0 yA ¼ 0

MA ¼
ðT1 � T2ÞgEI

t

yA ¼ 0

S
im

p
ly

su
p

p
o
rt

e
d

MA ¼ 0 yA ¼ 0

RA ¼
ðT1 � T2ÞgbEI

t

2C1C3 þ C2
4 � 2C3

C13

yA ¼
ðT1 � T2Þg

2bt

2C2
1 þ C2C4 � 2C1

C13

MA ¼ 0 yA ¼ 0

RA ¼
ðT1 � T2ÞgbEI

t

C2C3 � C1C4

1 þ C11

yA ¼
ðT1 � T2Þg

2bt

C1C2 þ C3C4

1 þ C11

MA ¼ 0 yA ¼ 0

RA ¼
ðT1 � T2ÞgbEI

t

C1C2 þ C3C4 � C2

C14

yA ¼
ðT1 � T2Þg

2bt

C2C3 � C1C4 þ C4

C14

MA ¼ 0 yA ¼ 0

RA ¼
ðT1 � T2ÞgbEI

t

C2
2 � 2C1C3

C13

yA ¼
ðT1 � T2Þg

2bt

2C2
3 � C2C4

C13

F
ix

e
d

yA ¼ 0 yA ¼ 0

RA ¼
ðT1 � T2Þg2bEI

t

�C4

2 þ C11

MA ¼
ðT1 � T2ÞgEI

t

2C2
1 þ C2C4 � 2C1

2 þ C11

yA ¼ 0 yA ¼ 0

RA ¼ 0

MA ¼
ðT1 � T2ÞgEI

t

yA ¼ 0 yA ¼ 0

RA ¼
ðT1 � T2ÞgbEI

t

�2C3

C13

MA ¼
ðT1 � T2ÞgEI

t

C2C3 � C1C4 þ C4

C13

yA ¼ 0 yA ¼ 0

RA ¼ 0

MA ¼
ðT1 � T2ÞgEI

t

2
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